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Abstract
In this note we define anticyclotomic ?-adic measures attached to a finite set of places ( above ?, a mod-
ular elliptic curve  over a general number field  and a quadratic extension  /. We study the exceptional
zero phenomenon that arises when  has multiplicative reduction at some place in (. In this direction, we ob-
tain ?-adic Gross-Zagier formulas relating derivatives of the corresponding ?-adic L-functions to the extended
Mordell-Weil group ( ). We describe first the case ( = {p} depicting the leading coefficient of the anticyclo-
tomic ?-adic !-function in terms of Darmon points. Our final result generalizes a recent result in [7] which
uses the construction of plectic points due to Fornea and Gehrmann. We obtain a general formula for arbitrary
( that computes the A-th derivative of the ?-adic L-function, where A is the number of places in ( where  has
multiplicative reduction, in terms of plectic points and Tate periods of .
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1 Introduction
The Birch and Swinnerton-Dyer conjecture relates the classical !-function !(,  , B) of an elliptic curve  de-
fined over a field  with its group of rational points ( ). It can be stated by means of an equality which
1
involves several invariants of the elliptic curve. In particular, it implies that the algebraic rank, the Z-rank of
( ), is equal to the analytic rank, the order of vanishing of !(,  , B) at B = 1. Some of the progress in proving
partial versions of this conjecture use a set of special points, called Heegner points, that emerge when  is a
totally imaginary quadratic extension of a totally real field  and  is modular and defined over . Indeed,
modularity provides a modular parametrization of , namely, a morphism defined over  between a Shimura
curve - and the elliptic curve . Therefore, Heegner points can be constructed as images through modular
parametrizations of the CM points of the Shimura curve -.
We can explain the complex construction of Heegner points with a little more detail: The elliptic curve is
associated with an automorphic form 5 of parallel weight 2 over . Attached to 5 we have a modular symbol.
The group of complex points (C) can be described as the quotient C/Λ, where Λ is the lattice of periods of .
This means that Λ is the image through the modular symbol of cuspidal divisors of degree zero. Similarly, the
set of complex points -(C) can be described as a union of quotients ℌ/Γ̄, where ℌ is the Poincaré upper-half
plane, and Γ̄ is an arithmetic subgroup associated to a quaternion algebra defined over . Finally, the modular
parametrization is an extension of the natural morphism




where Div0 denotes the set of degree zero divisors. A Heegner point is the image through the modular
parametrization of a point  ∈ ℌ whose stabilizer in the quaternion algebra is isomorphic to  ×.
This classical construction can be emulated ?-adically. Indeed, if  has splitmultiplicative reductionmodulo
p | ?, the group of points ( p) can be written as the quotient  ×p /@
Z
,p
, where @,p ∈ ×p is Tate’s period. Similarly,
if does not split at p, the set-( p) admits a ?-adic uniformization as union of quotientsℌp/Γ, whereℌp =  p\
p is the ?-adic upper half plane and Γ is a p-arithmetic group attached to a definite quaternion algebra  over
. By exchanging the usual integral for amultiplicative integral ×
∫
, we can describe themodular parametrization
as an extension of the natural morphism








where ) is the harmonic cocycle attached to . Again the Heegner point is the image through this modular
parametrization of a point p ∈ ℌp whose stabilizer in × is isomorphic to  ×.
In the seminal work [5], Darmon introduced a new kind of points that appear when  = Q and  is a
real quadratic field. In analogy with their imaginary counterparts Heegner points, these Darmon points are
conjectured to be defined over abelian extensions of  and their heights are supposed to be related with the
derivatives of twists of !(,  , B) at B = 1. The idea of Darmon’s construction relies on the treatment of the
above ?-adic construction of Heegner points in purely group theoretical terms. Indeed, while the morphism
(2) can be seen as an element of 0(Γ ,Hom(Div
0(ℌp), ( p))), Darmon was able to construct an element in
1(ΓM2(Q),Hom(Div
0(ℌ?), ( ?))) using the local nature of the multiplicative integral. Such a cohomology
class can be extended to 1(ΓM2(Q) ,Hom(Div(ℌ?), ( ?))), hence the image of a previously characterized p ∈




+ , ( ?)), O
?
+ := StabΓM2 (Q)(?) ⊂  
×.
On the other hand, the nature of the group of ?-units of  provides a natural fundamental class in ? ∈
1(O
?
+ , Z). Hence, the Darmon point is given by the cap product % = )? ∩ 
? ∈ ( ?).
Darmon’s construction was generalized to many other situations (see [6], [10], [8] and [11]), each of which
was relaxing requirements on ,  and . Finally, the second author contributed to a joint work with X. Guitart
and M. Masdeu [12] where a completely general construction of Darmon points was given. This implies that
Darmon points are available for arbitrary base fields , arbitrary quadratic extensions  /, and arbitrarymod-
ular elliptic curves over  admitting ?-adic Tate uniformizations (in fact, arbitrary modular abelian varieties
and both ?-adic and archimedean uniformizations are considered in [12]).
Parallel to the research on new constructions of points in the Mordell-Weil group ( ), the theory of ?-adic
L-functions has been developing. ?-adic L-functions are ?-adic analogues of the classical !-functions !(,  , B).
They can be thought of as ?-adic analytic functions !?(,  , B) : C? → C? that are usually defined by means of
a ?-adic measure , of a Galois group G? isomorphic to Z? :
!?(,  , B) =
∫
G?
exp?(Bℓ ())3, (), ℓ : G?
≃
−→ Z? .
The link between classical and ?-adic L-functions is the so-called interpolation formula. It relates the image
through , of certain characters " : G? → C? with critical values of twists of the classical L-function !(, "̄, B),
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where "̄ is an automorphic character associated with " via Class Field Theory. Usually, the space of characters
where the interpolation property applies is dense, hence these critical values characterize , , and conse-
quently !?(,  , B).
The study of ?-adic L-functions took a new dimension after the work of Mazur, Tate and Teitelbaum [15],
who in 1986 formulated a ?-adic Birch and Swinnerton-Dyer conjecture over Q relating a (cyclotomic) ?-adic
L-function and the extended Mordell-Weil group ̄(Q). Such extended Mordell-Weil group ̄( ), for any number
field  , is the concatenation of the classical Mordell-Weil group ( ) and the group generated by Tate periods
@,p at primes p | ? where  has split multiplicative reduction. Indeed, the presence of these split multiplicative
primes gives rise to exceptional zero phenomena, by which the ?-adic !-function gets additional zeroes.
The ideas of [15] have been generalized with success in other contexts. For instance, Bertolini and Darmon
defined in [2] a new (anticyclotomic) ?-adic L-function associated with an elliptic curve /Q and an imaginary
quadratic field  . The ?-adic description of the geometry of the Shimura curve - over  ? allowed them to
attack a new ?-adic Birch and Swinnerton-Dyer (?-adic BSD) in this anticyclotomic setting. One of their main
results [2, Theorem B] relates a Heegner point with the derivative of the ?-adic !-function, obtaining a ?-adic
analogue to the celebrated Gross-Zagier formula.
In order to deal with the case where  /Q is real quadratic one has to slightly change the point of view.
In this situation, the corresponding anticyclotomic ?-adic Galois group G? is finite, and therefore no analytic
!?(,  , B) can be defined. But following the philosophy of Mazur-Tate in [14], we can rewrite the ?-adic BSD
working directlywith themeasure, insteadof the analytic function !?(,  , B). In fact, the space ofmeasures
Meas(G? ,C?) has a natural ring structure, called Iwasawa algebra. The order of vanishing of !?(,  , B) at B = 0 is
precisely the maximum A for which  , ∈ 
A
1
, where for any character " the augmentation ideal " is the kernel

















this new formalism in mind, Bertolini and Darmonwere able to obtain in [3] an analogous ?-adic Gross-Zagier
formula relating the class of  , in 1/
2
1
and a Darmon point when  /Q was real quadratic.
Now that a general p-adic construction of Darmon points is available for arbitrary number fields  and
arbitrary extensions  /, the aim of this project was originally to generalize Bertolini and Darmon’s results
by relating a (twisted) Darmon point %p", for a given character ", with the image in "/
2
" of an anticyclotomic
measure associated with ,  / and p. More precisely, given a modular elliptic curve over , we have its
associated automorphic representation . Via Jacquet-Langlands,  is a representation of the adelic points of
a projective algebraic group  attached to a quaternion algebra  over . If we impose that  embeds in , we
have an inclusion ) ↩→  of algebraic groups, where ) is the torus attached to  ×/×. Class Field Theory gives
rise to an anticyclotomic Galois group G) associated with ). Hence, the Artin map gives rise to a morphism
rec( : )(() −→ G) ,
for any set of non-archimedean places (. Using the realization of  in higher group cohomology spaces, we
are able to construct a ?-adic measure )p

attached to p and )p

, any class of the corresponding cohomology
group. Such a measure )p

has good interpolation properties as shown in Theorem 5.3. Notice that we have a
natural group homomorphism





5 3!() = "()−1 · 5 () − 5 (1),  ∈ G) . (3)
In Theorem 7.1, we find one of the main results of the paper:
Theorem A Assume that  is Steinberg at p and p does not split in  . Then for any character " that is trivial at p,
we have )p

∈ ". Moreover, the image of )p

in "/2" is given by
)p






where 2 ∈ Q× is an explicit constant, %p" is a Darmon point and  is the non-trivial automorphism of Gal( /).
The fact that is Steinberg at p is equivalent to saying that has splitmultiplicative reduction at p. Moreover,




p (see Equation (40)).
3
During the process of writing this article, a new preprint on construction of points in elliptic curves came
to light. In [7], M. Fornea and L. Gehrmann adapt the construction of Darmon points of [12] to compute ele-
ments in certain completed tensor products of groups ( p), for primes p of (split and non-split) multiplicative
reduction. These elements, called plectic points, are conjectured to come from determinants of points defined
over abelian extensions of  . Moreover, they are also conjectured to be non-zero in rank A ≤ [ : Q] situations.
These conjectures, that can be found in §8.3, are backed by some numerical evidence. Even with the restriction
A ≤ [ : Q] and the fact that plectic points are supposed to be zero when  is the extension of an elliptic curve
defined over a smaller field, this new construction could shed a lot of light on our understanding of the Birch
and Swinnerton-Dyer conjecture in rank A ≥ 2 situations.
In addition, the main result of Fornea and Gehrmann’s preprint improves our Theorem A above. Indeed,
they are able to construct an anticyclotomic measure  ,( associated with  and a set ( = {p1 , · · · , pA} of places
above ?, under the assumption that  is inert at any p8 ∈ (. For any character "with certain prescribed behavior
at all p8 ∈ (, they show that  ,( ∈ A". Moreover, they obtain in [7, Theorem 5.13] a ?-adic Gross-Zagier formula





Although our techniques are different and we have more precise interpolation formulas, after Fornea and
Gehrmann’s preprint came out, we felt compelled to adapt our proof of TheoremA and generalize [7, Theorem
5.13] in order to givemore added value to our project that had been surpassed by their results. Indeed, we have
been able to generalize our ?-adicmeasure )(

, which now depends on an arbitrary set of places ( above ?. The
measure )(

has good interpolation properties as shown in Theorem 5.3. Moreover, we have been able to prove
a ?-adic Gross-Zagier formula that takes into account all the extended Mordell-Weil group, thus including all
Tate’s periods coming from exceptional zeroes. In that sense, our second main result Theorem 9.1 is both a
generalization of [7, Theorem 5.13] (and thus Theorem A) but also of the exceptional zero formulas of [1]:




+, where (− is the set of places where  is not a twist of the Steinberg
representation and
(1+ := {p ∈ (+ , ) splits in p}, (
2
+ = {q ∈ (+ , ) does not split in q}.
Then for any character " with the corresponding prescribed behavior at all p8 ∈ (, we have that )(

∈ A", where A = #(+,




" is given by
)(














where 2 ∈ Q× is an explicit constant, &(−((− , "(−) is the epsilon factor at (
1




@p ∈ )((1+) is the product of Tate periods, p is a concrete automorphism and %
(2+
" is the (twisted) plectic
point attached to the set (2+.
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2 Setup and notation
Let  be a number field and let A , B be the number of real and complex places, respectively, so that [ : Q] =
A + 2B . Let  / be a quadratic extension and let Σun( /) be the set of infinite places of  splitting when
extended to  . Then
Σun( /) = Σ
R






( /) is the set of real places of  which remain real in  and ΣC
C
( /) the set of complex places of .




for the set of places ∞ \Σun( /).
For any finite set of places ( of  we write ( =
∏
E∈( E . We denote by A the ring of adeles of , and by
A(





E∉( E . We will often write∞ for the set of infinite places
of . For a finite place p, we will write Ep : ×p → Z for the ?-adic valuation, +p for a fixed uniformizer, and @p
for the cardinal of the residue field o,p/p.
4
Let / be a quaternion algebra for which there exists an embedding  ↩→ , that we fix now. Let Σ be
the set of archimedean classes of  splitting the quaternion algebra . We can define  an algebraic group
associated to ×/× as follows:  represents the functor that sends any o-algebra ' to
(') = (o ⊗o ')
×/'× ,
where o is a maximal order in  that we fix once and for all. Similarly, we define the algebraic group )
associated to  ×/× by
)(') = (o2 ⊗o ')
×/'× ,
where o2 := o ∩  is an order of conductor 2 in o . Note that ) ⊂ . We denote by (∞)+ and )(∞)+ the
connected component of the identity of (∞) and )(∞), respectively. We also define )()+ := )() ∩ )(∞)+
and ()+ := () ∩ (∞)+.
Let" be a (A(















as representations over !.
3 Fundamental classes of tori
In this section we will define certain fundamental classes associated with the torus ) attached to  ×/×.
3.1 The fundamental class  of the torus
Let* =
∏
q )(o,q) anddenote byO := )()∩* the group of relativeunits. Similarly,wedefineO+ := O∩)(∞)+
to be the group of totally positive relative units. By an straightforward argument using Dirichlet Units Theorem
rankZO = rankZO+ = (2A /,R + A /,C + 2B − 1) − (A + B − 1) = A /,R + B = D.
We also define the class group
cl())+ := )(A)/()() ·* · )(∞)+) ≃ )(A
∞
 )/()()+ ·*) .
Note that the subgroup





( /) × (R+)
#ΣC
C








is isomorphic to RD bymeans of the homomorphism )(∞)+ → RD given by I ↦→ (log |I |)∈Σun ( /). Moreover,
under this isomorphism the image of O+ is a Z-lattice Λ ⊂ RD , as in the proof of Dirichlet’s Unit Theorem.
We can identify Λ with its preimage in )(Σun( /))0. Then )(Σun( /))0/Λ is a D-dimensional real torus.
The fundamental class  is a generator of D()(Σun( /))0/Λ, Z) ≃ Z. We can give a better description of : let
" := )(Σun( /))0 ≃ R
D . The de Rham complex Ω•
"
is a resolution for R. This implies that we have an edge
morphism of the corresponding spectral sequence
4 : 0(Λ,ΩD") → 
D(Λ,R).
We identify any 2 ∈ D("/Λ, Z) with 2 ∈ D(Λ, Z) by means of the relation∫
2




We can think of  ∈ D(Λ, Z) as such that:
4($) ∩  =
∫
)(∞)/Λ
$, for all $ ∈ 0(Λ,ΩD"). (4)
Note that







Let O+,T = O+ ∩ T. Since O+ is discrete and T is compact, O+,T is finite.
Lemma 3.1. We have that O+ ≃ Λ × O+,T. In particular,
)(∞)+/O+ ≃ )(Σun( /))0/Λ × T/O+,T (6)
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Proof. The image of the morphism |O+ : O+ ↩→ )(∞)+

→ )(Σun( /))0 is Λ by definition. Since T = ker,
ker|O+ = T ∩ O+ = O+,T and we deduce the following exact sequence
0 O+,T O+ Λ 0.
|O+
Since Λ is a free Z-module, such sequence splits and the result follows. 
Notice that the group cl())+ fits in the following exact sequence





We fix preimages C 8 ∈ )(A
∞








It is compact because cl())+ is finite and* compact.
Lemma 3.2. For any C ∈ )(A) there exists a unique C ∈ )()/O+ such that 
−1
C C ∈ )(∞)+ × ℱ .
Proof. Since )(∞)/)(∞)+ = )()/)()+, given C = (C∞, C∞) ∈ )(A) there exists  ∈ )() such that C∞ ∈
)(∞)+. On the other hand, ?(C∞*) = C8 for some 8. By the definition of cl())+, there exists  ∈ )()+ such
that C∞* = C8* . Hence
C = (C∞, C
∞) ∈ )(∞)+ × C8* ⊂ )(∞)+ × ℱ .
By considering the image of −1−1 in )()/O+, we deduce the existence of C .
For the unicity, suppose there exist , ′ ∈ )() with
(C∞, C
∞) = C ∈ )(∞)+ × ℱ ∋ 
′C = (′C∞, 
′C∞)
Then −1′ = (C∞)−1(′C∞) ∈ )(∞)+. On the other hand, C∞ = C 8D for some C 8 and D ∈ * , and ′C∞ = C 9D′ for
some C 9 and D′ ∈ * . So −1′ = (C 8)−1C 9D−1D′. This implies C8 = ?(C 8*) = ?(C 9*) = C 9 . By the construction of ℱ ,
we must have C 8 = C 9 . Then −1′ ∈ * ∩ )() ∩ )(∞)+ = O+. 
The set of continuous functions (ℱ , Z) has a natural action of O+ given by translation. The characteristic
function 1ℱ is O+-invariant. Consider the cap product
 = 1ℱ ∩  ∈ D(O+ , (ℱ , Z)), (7)
where 1ℱ ∈ 
0(O+ , (ℱ , Z)) and  ∈ D(O+ , Z) is the image of  through the corestriction morphism.
For any ring ' and any '-module ", write 02 ()(A), ") is the set of locally constant "-valued functions
of )(A) that are compactly supported when restricted to )(A
∞

). Notice that if " is endowed with a natural
)()-action, then we have a natural action of )() on 02 ()(A), ").




((ℱ , Z)) ≃ 02 ()(A), Z).
Proof. Notice that ∅2 ()(A), Z) is a set of locally constant functions. Since ℱ ⊂ )(A) is compact there is an
O+-equivariant embedding
 : (ℱ , Z) 02 ()(A), Z)
) ())(C∞, C
∞) = 1)(∞)+(C∞) · )(C
∞) · 1ℱ (C
∞).
By definition, an element Φ ∈ Ind
)()
O+
((ℱ , Z)) is a function Φ : )() → (ℱ , Z) finitely supported in
)()/O+, and satisfying the compatibility condition Φ(C) = −1 · Φ(C) for all  ∈ O+.




((ℱ , Z)) 02 ()(A), Z)
Φ !(Φ) =
∑
C∈)()/O+ C · (Φ(C)).
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The sum is finite becauseΦ is finitely supported, and from theO+-equivariance of  and theO+-compatibility
it follows that it is well-defined and )()-equivariant.




This last relation together with Lemma 3.2 and the injectivity of  shows that ! is bijective and the result follows.

Thus, by Shapiro’s lemma one may regard
 ∈ D()(), 
0
2 ()(A), Z)).
3.1.1 The (-fundamental classes (
In 3.1 we have defined a fundamental class . As shown in [18], by means of  we can compute certain periods
related with certain critical values of classical L-functions. Nevertheless in [12] different fundamental classes
p are defined in order to construct Darmon points. We devote this section to slightly generalize the definition
of p in [12] and we will relate  and p in the next section.
Let ( be a set of places p of  above ?. Write ( := (1 ∪ (2, being (1 the set of places p in ( where ) splits,
)(p) = 
×
p , and (




( , *( =
∏
q∉( )(o,q), (9)
where B 8 ∈ )(A
(∪∞









Let us consider also the set of totally positive relative (-units O(+ := *
















Note that (12) and (11) induce an exact sequence
0 O+ O
(




This implies that the Z-rank of O(+ is A + D, since cl())+ is finite. Write 




provides a fundamental class 2( ∈ A(( , Z). Indeed, the map
(Ep)p∈(1 : 
( −→ RA
given by the ?-adic valuations identifies Λ(

as a lattice in RA , hence we can proceed as in the previous section
to define 2( . We can consider the image ( ∈ D+A(O
(
+ , Z) of 2





( , D(O+ , Z)) −→ D+A(O
(
+ , Z),
where  ∈ D(O+ , Z) is the fundamental class defined previously, and the last arrow is the edge morphism of
the Lyndon–Hochschild–Serre spectral sequence ?(( , @(O+ , Z)) ⇒ ?+@(O
(




 ), Z) = Ind
)()+
O(+




), ") is the set of"-valued locally constant and compactly supported functions of )(A(∪∞

).
Thus, the cap product 1ℱ ( ∩ 
( provides an element








 ), Z)), (14)
where the last equality follows from Shapiro’s Lemma.
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3.1.2 Relation between fundamental classes
Since )(∞)/)(∞)+ ≃ )()/)()+, there is a )()-equivariant isomorphism









 ), ") ⊗'[)()+] '[)()] (15)




(C−1 · 5 )|)(A∞) ⊗ C
)
. Moreover, for any ring '
02 ()(A
∞




 ), ') ⊗' 
0






2 ()((), ')), (16)
where 02 ()((), ') is the set of '-valued locally constant and compactly supported functions on )((), seen
as )()-module by means of the diagonal embedding )() ↩→ )((). Putting these two identities together we
obtain











The following result relates the previously defined fundamental classes (see also [1, Lemma 1.4]):
Lemma 3.4. We have that





















2 ()(A), Z)), where 
(
tor for the torsion subgroup of
(,
Ip = 1)(p) ∈ 
0()(p), 
0
2 ()(p), Z)), if p ∈ (
2,
and Ip ∈ 1()(p), 02 ()((), Z)) is the class associated with the exact sequence
0 −→ 02 ()(p), Z)) −→ 
0
2 (p, Z))
5 ↦→ 5 (0)
−→ Z −→ 0,
if p ∈ (1.
Proof. Notice on the one hand that, if p ∈ (1, the class Ip has representative Ip(C) = 1o,p − C1o,p . Hence
Ip(C) is characterized to be the function such that
∑
=∈Z C
=Ip(C) = 1)(p), for all C ∈ )(p) with Ep(C) > 0. Thus,(⊗
p∈( Ip
)










On the other hand, the exact sequence (13) implies



















( × C 9)(o,() =
⊔
C 9∈,
















1ℱ ( ⊗ C 91)(o,( )
ª®®¬































∩  = #((tor) · (1ℱ ∩ ) = #(
(
tor) · ,
and the result follows. 
For ( = {p} = (2, we recover the definition p given in [12], and the previous lemma relates it with .
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4 Cohomology classes attached to modular elliptic curves
In this section we will describe cohomology classes associated with modular elliptic curves by means of the
Eichler-Shimura map.
Let  ⊂ () be a subgroup, ' a topological ring, and ( a finite set of places of  above ?. We will usually




) : (A(∪∞ ) → Hom'(", #),
there exists an open compact
subgroup * ⊂ (A(∪∞ )




and let alsoA(∪∞(#) := A(∪∞(', #). Then A(∪∞(", #) has a natural action of  and (A(∪∞

), namely
(ℎ))(G) := (ℎ · )(ℎ−1G)), (H))(G) := )(GH),
where ℎ ∈  and G, H ∈ (A(∪∞

).
4.1 Automorphic cohomology classes
Let / be a modular elliptic curve. Hence, attached to , we have an automorphic form for PGL2/ of parallel
weight 2. Let us assume that such form admits a Jacquet-Langlands lift to, and denote by the corresponding
automorphic representation. Let B := #Σ. As shown in [16], once fixed a character  : ()/()+ → ±1, the
image through the Eichler-Shimura isomorphism of such Jacquet-Langlands lift provides a cohomology class
in B(()+,A∞(C)), where the super-index stands for the subspacewhere the natural action of ()/()+
on the cohomology groups is given by the character . Moreover, since the coefficient ring of the automorphic





∞(Z)) ⊗Z C = 
B(()+,A
∞(C)) (see for example [21, Proposition 4.6]). The (A∞

)-
representation  over Q generated by ) satisfies  ⊗Q C ≃ 
∞ :=  |(A∞






For any set ( of places above ?, write +( :=  |(( ) ⊗C, with +( =
⊗




















+Zp is the Z-module generated by ). We will usually treat )
(

as an element of the cohomol-
ogy group  B(()+,A(∪∞(+( ,C)) since  B(()+,A(∪∞(+
Z
(
, Z)) ⊗ C =  B(()+,A
(∪∞(+( ,C)) (see [21,
Proposition 4.6]). Notice that +p = +
Z
p ⊗ C, for all p ∈ (. The element )
(

is essential in our construction of
anti-cyclotomic ?-adic L-functions, Darmon points or plectic points.
4.2 Pairings
In order to relate the (-arithmetic cohomology groups defined in §4.1 and the homology groups defined in §3,
we will define certain pairings that will allow us to perform cap products. For this purpose, we assume the
following hypothesis:
Hypothesis 4.1. Assume that Σ = Σun( /). Hence, in particular, D = B and ()/()+ = )()/)()+.
For any )()-modules " and # , let us consider the )()+-equivariant pairing





), ") × A(∪∞(", #) #,
( 5 , )) 〈 5 , )〉+ :=
∫
)(A(∪∞ )
)(C)( 5 (C))3×C ,
(19)
9
where 3×C is the corresponding Haar measure. This implies that, once fixed a character  : ()/()+ =
)()/)()+ → ±1, it induces a well-defined )()-equivariant pairing






), ") × A(∪∞(", #)() −→ #,〈 ∑
C∈)()/)()+
5C ⊗ C , )
〉




C · 〈 5C , C
−1)〉+ ,
(20)
where A(∪∞(", #)() is the twist of the )()-representationA(∪∞(", #) by the character .






 ), ") = 
0
2 ()(A), ')
This implies that (20) provides a final )()-equivariant pairing
〈·|·〉 : 02 ()(A), ') × A
(∪∞(02 ()((), '), #)() −→ #,
〈 5( ⊗ 5







5 ((G, C) · )(C)( 5()3
×C.
(21)
All the pairings above induce cap products in -(co)homology by their -equivariance. Now denote by 5
the projection of 5 to the subspace
02 ()(A), ') :=
{
5 ∈ 02 ()(A), ')with 5 |)(∞) = 
}
.
One easily compute that
〈 5 |)〉 = 〈 5 |)〉 = 〈 5 |)(A∞), )〉+ , 5 ∈ 
0
2 ()(A), '), ) ∈ A
(∪∞(02 ()((), '), #)().
Since we can identify D(()+, •)
 ≃ D((), •()), we deduce that for all 5 ∈ D()(), 
0
2 ()(A), ')) and
) ∈ D()()+,A
(∪∞(02 ()((), '), #))
,
5 ∩ ) = 5 ∩ ) = 5 |)(A∞ ) ∩res
)()
)()+




is the restriction morphism and the cap products are the induced by (19),(21), respectively.
5 Anticyclotomic ?-adic L-functions
In this section we will define the anticyclotomic ?-adic L-functions associated with (, ) and the automorphic
cohomology class )(

. From this point we will assume that hypothesis 4.1 is fulfilled.
5.1 Defining the distribution








/)() → G) . (23)
The pullback of  together with the cap product by  give the following morphism
 : (G) ,C) 




In order to define our distribution we need to construct a )(()-equivariant morphism:
( : 
0
2 ()((),C) −→ +( . (25)










:= (6) ∩ ∗()
(
 , for all 6 ∈ (G) ,C) (26)
10
where the cap product is induced by the pairing (21) and ∗
(







Notice that ( is defined once you construct p : 02 ()(p),C) → +p, for all p ∈ (. In [4, §3.3] the local p
are constructed under the conditions that (p) = PGL2(p) and +p is ordinary. Although the authors believe
that it would be interesting to explore the rest of the cases (see [17] for a more complete study in the cyclotomic
setting), we will restrict ourselves to the ordinary setting from now on.
Proposition 5.1. Assume that +p is ordinary and (p) = PGL2(p) for all p ∈ (. Then the distribution )(

is a
?-adic measure, namely, it is a ?-adic bounded distribution.
















(∪∞(02 ()((), Z), Z))
.





lies in 1Z and the result follows. 
Once we know that )(







function 6 ∈ (G) ,C?).
5.1.1 The Steinberg representation and fixed points
It is interesting for future sections to give some details on themorphism p when+p is Steinberg. In this situation
we can give a simple description of +Zp = StZ(p):
StZ(p) = 
0(P1(p), Z)/Z,
where 0(P1(p), Z) is the set of locally constantZ-valued functions of the projective line, with the natural action








Notice that the fixed embedding  : )(p) ↩→ (p) induces a )(p)-equivariant embedding
)(p) ↩→ P
1(p), C ↦−→ C ∗ ∞.
Then p is the extension by zero morphism composed with the natural projection
02 ()(p), Z) −→ 
0(P1(p), Z) −→ 
0(P1(p), Z)/Z = StZ(p).
On the other hand, we can consider -p to be
-p :=
{
ℌp =  p \ p, if ) does not split at p,
P1(p), if splits at p.
In both cases -p comes equipped with a natural action of (p) given by fractional linear transformations. We
write p and ̄p for the two fixed points by ()(p)) in -p. We will assume that in the split case p, ̄p ≠ ∞ (this
is equivalent to the fact that ()(p)) does not lie in the Borel subgroup). In fact, p and ̄p correspond to the



































being C ↦→ C and C ↦→ C̄ the two embeddings  p ↩→ C? . The following result describes p in terms of p and ̄p:
Lemma 5.2. The morphism p : 02 ()(p), Z) → StZ(p) is given by






where 5 ∈ 02 ()(p), Z) is seen as a function in the variable C/C.
11
















Hence given 5 ∈ 0(P1(p), Z),




























and the result follows. 
5.2 Interpolation properties
The newly defined ?-adic measures )(

are generalizations of the classical anticyclotomic ?-adic L-functions
constructed over Q by Bertolini and Darmon. Hence, in order to have a good generalization, such measures
should be related with classical L-functions:






 (G( , "() · &((( , "() · !(1/2,, 
∗")
1
2 , ∗" |)(∞)= ,
0, ∗" |)(∞)≠ ,
where  (G( , "() is an explicit constant depending on "( and the given G( ∈ (∪∞ used to define )(

,
&((( , "() =
∏
p




!(1,p, ad) · !(1/2,p, "p)
−1, p ≠ StC(p)(±),
!(−1/2,p, "p)
−1, p ≃ StC(p)(±), cond"p = 0,
@="!(1/2,p, "p)
−1, p ≃ StC(p)(±), cond"p = =" ,
and StC(p)(±) denotes the Steinberg representation twisted by the character 6 ↦→ (±1)
Ep det(6).
Proof. Let us consider the )()-equivariant morphism
! : 0()(A),C) ⊗ A
∞(C)() −→ 0()(A),C); !( 5 , ))(G, C) := 5 (G, C) · (G)
−1 · )(C),
for all G ∈ )(∞) and C ∈ )(A
∞

), and the natural pairing 〈·, ·〉) : 0()(A),C) × 02 ()(A),C) → C given by the
Haar measure







51(G, C) · 52(G, C)3
×C , = := [)() : )()+],  := )(∞)/)(∞)+.
For any 5 ∈ 0()(A),C) and 52 ∈ 02 ()(A),C), write 5 · 52 = 5( ⊗ 5
( and let  ⊆ )(() be a small enough
open compact subgroup so that 5( is -invariant, namely, 5( =
∑
C(∈)(()/ 5((C()1C( . If we consider the ()-
equivariant morphism  : A(∪∞(+( ,C),C)() → A∞(C)() defined by
())(6(, 6
() := )(6()(6(((1)); 6( ∈ ((), 6
( ∈ (A(∪∞ ),
we compute using the concrete description of 〈·|·〉 given in (21):




































5 ((G, C() · )(C()((( 5())3
×C(
= vol() · 〈 5 · 52 |
∗
()〉,
for all ) ∈ A(∪∞(+( ,C),C)().
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Using the definition of )(

given in §4.1, we obtain that )(

= Φ(((1) ⊗ G
(), for the fixed generator
Φ ∈ 
B(()+,A









(∗" ∪ )() ∩  =
1
vol()
(∗" ∪ Φ(((1) ⊗ G
()) ∩ ,
where the cap and cup products in the second and third identities correspond to the pairings 〈·, ·〉) and !. In
[18, Theorem 4.25] and expression for (∗" ∪ Φ(G)) ∩  is obtained in terms of the classical L-function for all
G ∈ ∞:
(∗" ∪Φ(G)) ∩  =
{






2 , ∗" |)(∞)= ,
0, ∗" |)(∞)≠ ,
(28)
where  ∈ C is a non-zero explicit constant and
(G) =
!(1,#)





are the usual local factors appearing in the classicalWaldspurger formulas (see [22] and [13] for more details).






2 is a constant only depending on G( and "(. We write  =∏
p∈( p. The element p ∈ (p) is such that pC = C
−1p, for all C ∈ )(p). Hence it is easy to show that
p(p)p( 5 ) = ±p( 5
∗), where 5 ∗(C) = 5 (C−10−1)with 0 ∈ )(p) such that (0) ∗∞ = −1p ∗∞ ∈ P
1(p). This implies







!(1,p, ad) · !(1/2,p, "p)
−1, p ≠ StC(p)(±),
!(−1/2,p, "p)
−1, p ≃ StC(p)(±), cond"p = 0,
@="!(1/2,p, "p)
−1, p ≃ StC(p)(±), cond"p = =" ,
and the result follows. 
Remark 5.4. If p ≃ StC(p)(±) and "p is unramified we have that (see [4, Theorem 3.15])




















Hence if "p(+p) = ±1 we obtain that !(−1/2,p, "p)−1 = 0. This phenomena is known as exceptional zero and the
aim of the following chapters is to relate this exceptional zeroes with points in the extended Mordell-Weil group.
6 Construction of Darmon points
In this section we recall the construction of non-archimedean Darmon points given in [12]. Throughout this
section we will assume that ( = {p}, )(p) is non-split and +
Z
(
= StZ(p). We will write
)p





the class associated with the elliptic curve /. Notice that  has split multiplicative reduction at p, hence it
admits a ?-adic Tate’s uniformization at p.
6.1 ?-adic uniformization
Denote by Cov(-) the poset of open coverings of a topological space - ordered by refinement. Let us consider
again ℌp =  p \ p the ?-adic upper half plane.
Let Δp := Div(ℌp) and Δ
0
p := Div
0(ℌp) ⊂ Δp the set of divisors and degree zero divisors. We have the
multiplicative integral 8 : Hom(StZ(p), Z) → Hom(Δ0p ,  
×
p ) defined as follows,



















where each G* ∈ * .
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have a natural morphism
!unv : Hom(StZ(p), Z) −→ Hom(St×p , 
×






Moreover, if we define the universal extension of St×p :
ℰ×p :=
{
(), H) ∈ (GL2(p), 
×







= CH · )(6)
}
/( ×p , 0), (31)
we have a natural morphism ev : Δp → ℰ ×p making the diagram commutative
0 Δ0p Δp Z 0
0 St ×p ℰ ×p Z 0
ev ev Id
Then 8 = ev∗ ◦ !unv.
The above morphism induces a ()+-equivariant morphism 8 : A{p}∪∞(StZ(p), Z) → A{p}∪∞(Δ0p ,  
×
p )
which inducesmorphisms in()+-cohomology. The degreemap short exact sequence 0 → Δ0p → Δp → Z→ 0
together with its associated long exact sequence in ()+-cohomology, provides a commutative diagram
D(()+,A
{p}∪∞(StZ(p), Z))
· · · → D(()+,A









 → · · ·
8
2




p,∞(@Zp )), moreover in [12, Conjecture 3.8]
the existence of an isogeny  ×p /@
Z
p ∼ ( p) is conjectured. This conjecture has been verified in many situations








Hence, if we write Q( p) := ( p) ⊗ Q, we can consider instead the diagram
D(()+,A
{p}∪∞(StZ(p),Q))











 → · · ·
8
2
obtained reducing modulo @Zp , and by definition Φ ∈ ker 2. This implies that there exists an element
Ψ ∈ 
D(()+,A
{p}∪∞(Δp , Q( p)))

 (33)




{p}∪∞(Δp , ( p)))
 ,
for the image of Gp ∈ {p}∪∞ once we get rid of denominators.
6.2 Darmon points
Let p ∈ ℌp be the point fixed by )() as in §5.1.1. Let us consider the following morphism of ()+-modules
ev : Z[()+/)()+] −→ Δp; = · 6)()+ ↦−→ = · 6(p). (34)
It is well-defined because p is )()-invariant. Then composing by ev induces a ()+-equivariant morphism
ev : A{p}∪∞(Δp, ( p)) −→ A
{p}∪∞(Z[()+/)()+], ( p))
14
which in turn induces morphisms in the ()+-cohomology. By [12, Lemma 4.1] we have that







Hence we obtain an element
ev(#p

) ∈ D()()+ ,A
{p}∪∞(( p)))
 ,
by Shapiro’s lemma. We regard  as a character of )()/)()+ since we have an isomorphism ()/()+ ≃
)()/)()+ induced by the natural embedding ) ↩→  and the determinant.
Let Gp
)
be the Galois group of the abelian extension of  attached to )(A)/)(p). Note )(p) is compact
because p does not split in  . Then the Artin map factors through the following map
A×
 
/ × )(∞)/)(∞)+ × )(A
∞





















Given a locally constant character " ∈ (Gp
)
















) ∈ ( p) ⊗Z Z,
where the ∩ are with respect to 〈·, ·〉+ of (19).
These points are in fact conjectured to be defined over abelian extensions of  (see [12, Conjecture 4.3]).
Moreover, in the special case  is totally real and  is totally imaginary, this construction fits with the ?-adic
construction of classical Heegner points. For a more detailed description of these facts see §5 in [12].
7 A ?-adic Gross-Zagier formula
As in §6, let us assume that ( = {p}, +Zp = StZ(p) and ) does not split at p.





Write Meas(G) ,C?) for the space of measures of (G) ,C?), endowed with the natural group law∫
G)





5 ( · )31()32(). (37)
Thus, )p

lies in the kernel " of the algebra morphism &" given by integration, defined by the exact sequence







Since "p = 1 the character " descends to a character ofG
p
)
, denoted the sameway. In 6.2we have constructed
Darmon points %" ∈ ( p) ⊗Z Z̄ associated with ". We aim to relate the image of )p

in "/2" with %

" . In order
to do that, we introduce the following well-defined morphism





5 3!() = "()−1 · 5 () − 5 (1),  ∈ G) . (39)














p ≃ {G ∈  
×
p ; Ḡ · G = 1} ⊂  
×
p , (40)
and we can consider its image through the natural morphism provided by the Artin map
recp : )(p) ⊗Z Z̄ G) ⊗Z Z̄.
(41)
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Theorem 7.1. The image of )p
















Proof. LetΔ) := Z[()/)()] andΔ
0
)
the kernel of the degreemap deg : Δ) → Z. The normalizer of)() in





8 68 · )()
∑
8 68 · p
The morphism in (29) restricts to a ()-equivariant morphism Hom(StZ(p), Z) → Hom(Δ
0
)
,  ×p ). Thus,


















)) = 8 ×p ()
p

) mod @Z, and %p" = 
p ∩ " ∩ ev(#
p



















" is seen in )(p) ⊗ Z̄,
EV : A{p}∪∞(Δ0
)






5 EV( 5 ) : (ℎ, 6p) ↦→ (ℎ) · 5 (ℎ−16p)(ℎ−1)() − ℎ−1)())
and ℎ, 6p ∈ () × (A{p}∪∞).
Then one can take the composition EV ◦ 8 ×p : A








EV ◦ 8 ×p ())
)






Since ℓ := ! ◦ recp is a group homomorphism, by Lemma 5.2,
(
ℓ ◦ EV ◦ 8 ×p ())
)
































Notice that, for any ℎp ∈ 02 ()(A
{p}∪∞

),C?) the pairing 〈ℎp, ℓ ◦ EV ◦ 8 ×p ())〉+ ∈ "/
2
" of (19) is represented





p)(∗ 5p − 
∗ 5p(1))3




p)( 5p(1)) = 5p(1) · )(C









= ℓ (p ∩ " ∩ EV(8 ×p )
p




























































where the cap product (p ∩ "p

) ∩ ∗ 5p is taken with respect to (16) and the last equality follows from (22).
















). Thus the difference 
′ := )p









vanishes at the subspace
"(G) ,C?) =
{









Clearly, ′ ∈ ", but it is easy to show that





5 (1), 5 ∉ "(G) ,C?);
0, 5 ∈ "(G) ,C?).
(42)
Since clearly " ∈ ", we conclude that ′ ∈ 2" and the result follows. 
Remark 7.2. Notice that the morphism ! ◦ recp : )(p) ⊗Z Z̄ → "/2" vanishes at )(). Indeed, we have seen in
the above proof that the class of a measure in "/2" depends on the image of functions in "(G) ,C?) (indeed such a class







−1 · 5 (recp()) − 5 (1) = 
∗"p()
−1 · 5 (recp(−1)) − 5 (1) = 0,
for all  ∈ )(), where recp : )(Ap

) → G) is the natural morphism.
8 Construction of Fornea-Gehrmann plectic points
During the writing of this paper, M. Fornea and L. Gehrmann came in [7] with a very novel and interesting
construction with which they are able to provide elements in certain completed tensor products of elliptic
curves. These elements, called plectic points, generalize the construction of Darmon points in §6.2. Moreover,
they are conjectured to be non-zero in rank A ≤ [ : Q] situations, hence they open the door to important
progress towards our understanding of the Birch and Swinnerton-Dyer conjecture in rank A ≥ 2 situations
(although we are restricted to the case A ≤ [ : Q]). In this direction, they prove in [7, Theorem 5.13] the
analogous of Theorem 7.1 with Darmon points replaced by plectic points. Our aim in the following sections is
to generalize their result adapting our proof of Theorem 7.1.





p∈( StZ(p)(p), where p : (p) → ±1 is given by 6 ↦→ (±1)
Ep det 6 , and ) does not split at any
p ∈ (.
8.1 (-adic uniformization
First we notice that, for all p ∈ (, the (p)-invariant morphism (29) provides another (p)-invariant mor-
phism
8p : Hom(StZ(p)(p), Z) −→ Hom(Δ
0
p ,  
×
p )(p), (43)
where (p) denotes again the twist by the character p. Notice that the restriction p : )(p) → ±1 is non trivial








, 1 ≠  ∈ Gal(p/ p). (44)
Hence, we no longer have a Tate uniformization  ×p /@
Z
p ∼ ( p) but an isomorphism
 ×p /@
Z
p ∼ ( p)p := {% ∈ (p); %
 = p() · %}.
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as in (33), where p is now seen as a character of () by means of the composition () ↩→ (p)
p
−→ ±1.
If we consider another q ∈ (, we can apply again [12, Remark 2.1] to obtain that
Ψ ∈ 
D(()+,A




{p,q}∪∞(StZ(q)(q) ⊗ Δp, ( p)p)(p) ⊗ Q)

 .




{p,q}∪∞(StZ(q)(q) ⊗ Δp, ( p)p )(p))
.
Observing the definition given in (29), we deduce that (43) provides a ()-equivariant morphism
8p : A
{p,q}∪∞(StZ(q)(q) ⊗ Δp , ( p)p)(p)() −→ A
{p,q}∪∞(Δ0q ⊗ Δp,  ̂
×
q ⊗Z? ̂( p)p )(p,q)(),





{p,q}∪∞(Δ0q ⊗ Δp ,  ̂
×
q ⊗Z? ̂( p)p )(p,q))
. Let " :=  ̂×q ⊗Z? ̂( p)p (p,q) and let us consider
the commutative diagram given by the degree long exact sequences
D(()+,A
{p,q}∪∞(Δq ⊗ Δp , "))
 D(()+,A

































p ,  ̂
×
q ⊗Z?  ̂
×
p ))
 modulo  ̂×q ⊗ @
Z?
p ,





{p,q}∪∞(StZ(p)(p) ⊗Z StZ(q)(q), Z))











of (32). Conjecture [12, Conjecture 3.8] implies that 22 8p,q)
p,q

lies in the line @
Z?
q ⊗Z? ̂( p)p(p,q) ⊆ ", hence











q ⊗Z? ̂( p)p(p,q) provides, after taking -isotypical components, a unique
Ψ ∈ 
D(()+,A
{p,q}∪∞(Δp ⊗ Δq , ̂( q)q ⊗Z? ̂( p)p ⊗Z? Q?)(p,q))

 .
Repeating this construction recursively for all places in (, one obtains
Ψ ∈ 
D(()+,A





p∈( Δp, ̂( ()( :=
⊗
p∈( ̂( p)p , and ( :=
∏
p∈( p. After getting rid of denominators, the
image of a fixed G( ∈ (∪∞ provides a class
#( ∈ 
D(()+,A
(∪∞(Δ( , ̂( ()( )(())
.

























(∪∞(Δ0( ,  ̂
×
( )(())












, Z)) is the image of










For all p ∈ (, let p ∈ ℌp be the points fixed by )() as in §6.2. Let us consider the following well-defined
morphism of ()+-modules






It induces a ()+-equivariant morphism
ev : A(∪∞(Δ( , ̂( ()( )(() −→ A
(∪∞(Z[()+/)()+], ̂( ()( )(().
Since we have (see [12, Lemma 4.1])












Let us consider now the subspace of functions
(G) ,Q)
( := { 5 ∈ (G) ,Q), 
∗ 5 |)(()= (},
where ( : )(() → ±1 is now the product of the local p. This is consistent with the construction given in
§6.2, since if ( = {p} and p = 1 then (G) ,Q)( = (G
p
)

























∩ ev(#() ∈ ̂( ()( ⊗Z Z,
where again the cap product is with respect to the pairing 〈·, ·〉+ of (19) twisted by &( .
8.3 Conjectures
Analogously to the setting of Darmon points in [12, Conjecture 4.3], it is conjectured that plectic points come
from certain rational points of the elliptic curve . Let us recall the corresponding conjectures that can be found
in [7, §1.4].
Let " ∈ (G) ,Q)( be a locally constant character such that " |)(∞)=  (namely, " ≠ 0). Let "/ the
abelian extension cut out by ". Since ∗" |)(()= (, we can embed " ⊂ ( . Moreover, if we consider
( )" = {% ∈ (") ⊗Z Z̄; %
 = "() · %},
clearly ( )" ⊂ ( p)p . Fornea and Gehrmann consider the natural morphism
yp : ( )" ↩→ ( p)p ⊗Z Z̄ −→ ̂( p)p ⊗Z Z̄,
and, if we write A := #(,
det :
A∧
( )" ↦−→ ̂( ()( ; det(%1 ∧ · · · ∧ %A) := det
©­«
yp1 (%1) · · · ypA (%1)
· · ·
yp1 (%A) · · · ypA (%A)
ª®¬
.





(∪∞. The following conjec-
ture is analogous to those of [7, §1.4].




 ) ≠ 0, in this case:
• Algebraicity and reciprocity law: There exists '" ∈
∧A ( )" such that det '" = %(".
• Connection with BSD: Assume that rank(( )") ≥ A. If %(" ≠ 0, we have that rank(( )") = A.
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9 Exceptional zero formulas
Let ( be a set of primes above ? and assume that (() = PGL2(() and+p is ordinary at any p ∈ (. Let )(

be







+Zq , where +
Z
q ; StZ(q)(±), for any q ∈ (−.
If we write A := #(+, Remark 5.4 makes us think that )(

∈ A", for all " ∈ 
0(G) , Z̄)
(+ with " |)(∞)= . More-




" as the Ath derivative of the corresponding
?-adic L-function. Hence following the philosophy of the ?-adic BSD conjecture, such image must be related to
the extendedMordell-Weil group of . Precisely, this is the content of Theorem 7.1 when ( = {p},+Zp = StZ(p)
and ) does not split at p, since Darmon points are supposed to generate the extended Mordell-Weil group in
these rank 1 situations. In [7, Theorem A], Fornea and Gehrmann prove a similar result with plectic points,
when ( = (+ and ) is inert at any p ∈ (. Our aim in this section is to adapt our proof of Theorem 7.1 to establish
the general result for arbitrary (, +( and ).





(1+ := {p ∈ (+ , ) splits in p}, (
2
+ = {q ∈ (+, ) does not split in q}.




) depends on the choice of G( ∈ (∪∞. For any q ∈ (− we choose
Gq ∈ +
Z
q such that (Gq) = 1, where as in proof of Theorem 5.3
(Gq) =
!(1,#q)





is the local factor appearing in Waldspurger’s formula. Recall that this can be done because the Euler factor at
q does not vanish. For any p ∈ (1+, we choose Gp ∈ StZ(p)(p) to be the image of 1o,p ∈ 
0(P1(p), Z), once we
identify )(p) ≃ ×p as a subset of P
1(p) by means of C ↦→ y(C) ∗ ∞. Thus, we can write
G(
2












" ∈ ̂( ()(2+
⊗Z Z for the plectic point associated with G
(2+ ∈ (
2
+∪∞. Notice that, for p ∈ (2+, there exists




p with the non-trivial automorphism of





























Notice that the product of morphisms ! ◦ recp given in (39) and (41) provides a morphism





If we write &(−((− , "(−) for the epsilon factor appearing in Theorem 5.3 at primes q ∈ (−, we obtain:
Theorem 9.1. For all " ∈ 0(G) , Z̄)(+ with " |)(∞)= , we have that )(









≡ (−1)B · [O
(2+
+ : O+]














Proof. Step 1: Let us consider the subspace of functions
"(G) ,C?) =
{








is by construction the image of G ∈ (∪∞ through Φ of (18). Let )
(+

be the image of G ⊗⊗
q∈(−
Gq ∈ 











for all 5 ∈ "(G) ,C?) such that 5 |)((− )= (− . Over "(G) ,C?), this characterizes )(




Step 2: For any p ∈ (+, any group " and any finite rank Z?-module # , we can consider the diagram
<(()+,A












where the vertical arrow arises from (43) and the horizontal arrow is the connectionmorphism of the degree
















































where ℎ, 6(+ ∈ ()×(A(+∪∞). Since we are evaluating at divisors of the form ℎ−1̄p− ℎ−1p it is easy to show
that the image of )(+


















· ((+ ∩ ") ∩ EV8(+)
(+

∈ )̂((+) ⊗Z Z. (49)


















































where 2ordp ∈ 
1((), StZ(p)) is the class associated with the extension (see [4, §6.1])
StZ(p)
5 ↦→( 5 (6−1∗∞),0)
↩→ ℰZ(p) :=
{











For p ∈ (1+, write p and ̄p for the points in P






= Ep(3 + ̄p · 2) −
(
(Ep + 1) · 1o,p
) ( 3 + ̄p · 2
3 + p · 2
)
, (50)





2ordp (C)(G) = (1 − C))1(G) = (1 − C)
(
(Ep + 1) · 1o,p
















for all C ∈ )(). We compute, recalling the definition of Ip of Lemma 3.4,
((+ ∩ ") ∩ EV8(+)
(+

= @(1+ ⊗ (



































































(∪p ⊗ 1o,p )()3
×,
for any Φ ∈ A{p}∪(∪∞(StZ(p), ") = A(∪∞(") and G(∪p ∈ (∪{p}. If (
2
+ = ∅, the same arguments used in the






(as seen in the proof of [4,
Theorem 7.5]) proves the claim (49) in this case. If (2+ ≠ ∅, we apply the same arguments used in the proof of











" , and to deduce our claim (49).






= (3 + ̄p · 2) ·
(
3 + p · 2







































) Ip(C)( G−̄pG−p )
,
for all C ∈ )(). Therefore, we can consider the composition
!univ ◦ EV ◦ 8(2+ : A


































) B(p)·Ip(p)( G*−̄pG*−p ) ·)(6(+ )(1* )
,
22
where  = (p)p∈(1+ ∈ )()
B , p ∈ )(); and B(p) = −1 if p ∈ (
1
+ and 1 otherwise (recall that Ip = 1)(p) for
p ∈ (2+). Since ℓ =
∏
p∈(+ ℓp := ! ◦ rec(+ is a product of group morphisms ℓp that vanish at )() by Remark 7.2,
































)(6p) is extended to a ?-adic measure of the compactly supported functions in )(p) using Riemann









−1 · ∗ 5 (C(+) − 5 (1) = (+(C(+)
−1 · ∗ 5 (C(+) − 5 (1), C(+ = (Cp)p ∈ )((+).
Thus, for any ℎ(+ ∈ 02 ()(A
(+∪∞

),C?) the element (−1)B
〈
























ℎ(+ ⊗ (−1(+ 










This implies that, for any 5 ∈ (+" (G) ,C?) := { 5 ∈ "(G) ,C?), 




























































= (−1)B · [O
(2+
+ : O+] ·
(
( ∩ ∗ 5 ) ∩ ∗(+)
(+





= (−1)B · [O
(2+


















Step 4: Analogously as in Theorem 7.1, combining the previous calculation with (48), we deduce that ′ :=
)(

− (−1)B · [O
(2+
+ : O+]






vanishes at "(G) ,C?). Clearly, ′ ∈ " and




5 (1), 5 ∉ "(G) ,C?);
0, 5 ∈ "(G) ,C?).
.
Since clearly " ∈ ", we conclude that ′ ∈ A+1" and the result follows. 
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